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Topology of pointwise convergence
t-Equivalence
We prove that if X and Y are t-equivalent spaces (that is, if Cp(X) and Cp(Y ) are
homeomorphic), then there are spaces Zn , locally closed subspaces Bn of Zn , and locally
closed subspaces Yn of Y , n ∈ N+, such that each Zn admits a perfect ﬁnite-to-one
mapping onto a closed subspace of Xn , Yn is an image under a perfect mapping of Bn ,
and Y = ⋃{Yn: n ∈ N+}. It is deduced that some classes of spaces, which for metric
spaces coincide with absolute Borelian classes, are preserved by t-equivalence. Also some
limitations on the complexity of spaces t-equivalent to “nice” spaces are obtained.
© 2011 Elsevier B.V. All rights reserved.
All spaces considered in this article are assumed to be Tychonoff (= completely regular Hausdorff). We mostly use
terminology and notation as in [5], except that the tightness of a space X is denoted by t(X) and the Lindelöf number
by l(X); we denote l∗(X) = sup{l(Xn): n ∈ N+} and t∗(X) = sup{t(Xn): n ∈ N+}. The symbol N+ stands for the set of all
positive integers.
We study the spaces Cp(X, Z) of all continuous functions on a space X with the values in a space Z equipped with the
topology of pointwise convergence (see [2] for a thorough presentation of the theory of spaces of functions equipped with
this topology). The space Cp(X,R) is denoted by Cp(X); we denote by 0 the constant zero function on X . Two spaces X
and Y are called t-equivalent if the spaces Cp(X) and Cp(Y ) are homeomorphic.
One of interesting problems in the theory of the spaces Cp(X) is to describe topological properties that are preserved by
the relation of t-equivalence (we say that a property P is preserved by t-equivalence if for every two t-equivalent spaces X
and Y , X has P if and only if Y has P), or, in different words, topological properties of a space X that can be described in
terms of topological properties of Cp(X).
There are many results of various authors about preservation and non-preservation of various topological properties by
t-equivalence; in particular, it is shown in [12] that the countability of tightness of a space, the k-property, sequentiality,
and the Fréchet property are not preserved by t-equivalence (even by a stronger relation of M-equivalence); however, if we
assume that X and Y are t-equivalent compact spaces, then the tightness of X and Y is the same, and, consistently, X is
sequential if and only if Y is sequential [14]. This happens because if X and Y are t-equivalent compact spaces, then there
is a sequence of ﬁnite-valued upper semicontinuous mappings from closed subspaces of ﬁnite powers of X to Y such that
images of these mappings cover Y [14]. In the presence of compactness of the spaces X and Y this turns out to be suﬃcient
to guarantee the inequality t(Y )  t(X) and (consistently) the sequentiality of Y when X is sequential. To a great degree
this works for compact spaces because every continuous mapping of a compact space is quotient.
In this article we present a modiﬁcation of the main result of [14] aimed at the consideration of “inductive” topological
properties such as sequentiality and tightness in general (non-compact) case by showing the existence of a decomposition of
Y into a countable union of perfect images of locally closed subspaces of ﬁnite-valued perfect preimages of closed subspaces
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are sequential (Fréchet), then Y is a countable union of sequential (Fréchet) and that Y can be represented as a countable
union of subspaces each of the tightness at most t(Xω). Note that for compact spaces X , t(Xω) = t(X), and, generally,
t∗(X) = t(Xω) [8], but the square of a non-compact space can have greater tightness than the space itself, even if the space
is σ -compact (see e.g. [18,13]).
1. The main theorem
In this section we prove the main result of this article. A set in a topological space is called locally closed if it is the
intersection of a closed set and an open set.
1.1. Theorem. Let X and Y be t-equivalent spaces. Then there are spaces Zn, locally closed subspaces Bn of Zn, and locally closed
subspaces Yn of Y , n ∈ N+ , such that each Zn admits a perfect ﬁnite-to-one mapping onto a closed subspace of Xn, Yn is an image
under a perfect mapping of Bn, and Y =⋃{Yn: n ∈ N+}.
We will actually construct for every pair (m,n) of positive naturals a space Zmn , its locally closed subspace Bmn and a
locally closed subspace Ymn of Y so that Zmn admits a perfect ﬁnite-to-one mapping onto a closed subspace of Xn , Bmn
admits a perfect mapping onto Ymn , and Y = ⋃{Ymn: m,n ∈ N+}. Since there is a bijection j: N+ × N+ → N+ such that
j(m,n) n for all (m,n), and Xn is homeomorphic to a closed subspace of Xk whenever k n, this will prove the statement
of the theorem.
We consider R as a topological and ordered subspace of the compactiﬁcation I = R ∪ {−∞,+∞} homeomorphic to the
standard closed interval. For a continuous real function on a space Z , f˜ : β Z → I is the continuous extension of f (in what
follows Z will be one of the spaces X and Y ).
For every n ∈ N+ , z= (z1, . . . , zn) ∈ (β Z)n and ε > 0 denote









and for a point z ∈ Z ,







The sets O Z (z;1/m), z ∈ Zn , m,n ∈ N+ , are open and form a base of neighborhoods of 0 of the space Cp(Z) (see e.g.
[2]). It is easy to verify that if the points z1, . . . , zn , belong to β Z \ Z , then the set O Z (z1, . . . , zn;ε) has empty interior
and is dense in Cp(Z), and hence if z1, . . . , zk ∈ Z and zk+1, . . . , zn ∈ β Z \ Z , then O Z (z1, . . . , zn;ε) is a dense subset of
O Z (z1, . . . , zk;ε).
Note also that the set O¯ Z (z;ε) is closed in Cp(Z).
Let Φ : Cp(X) → Cp(Y ) be a homeomorphism. Since Cp(X) and Cp(Y ) are homogeneous, we may assume without loss
of generality that Φ takes the zero function on X to the zero function on Y .
For every (m,n) ∈ N+ × N+ put
Zmn =
{
(x, y) ∈ Xn × Y : Φ(O X (x;1/m)
)⊂ O¯ Y (y;1)
}
.
1.2. Proposition. The set Zmn is closed in Xn × βY .
Proof. Let (x, y) be a point in (Xn × βY ) \ Zmn , where x = (x1, . . . , xn). Then Φ(O X (x;1/m)) ⊂ O¯ Y (y;1) (by the deﬁnition
of the set Zmn if y ∈ Y , and by the emptiness of the interior of O¯ Y (y;1) if y ∈ βY \ Y ), so there is a function f ∈ Cp(X)
such that | f (x1)| < 1/m, . . . , | f (xn)| < 1/m, and |Φ˜( f )(y)| > 1. The set
{
(ξ1, . . . , ξn, η) ∈ Xn × βY :
∣∣ f (ξ1)






is then a neighborhood of (x, y) in Xn × βY disjoint from Zmn . 
Let πX : Xn × βY → Xn be the projection. By the Kuratowski Theorem, πX is perfect, so πX (Zmn) is closed in Xn , and
the restriction pmn of πX to Zmn maps perfectly Zmn onto a closed subset of Xn .
1.3. Proposition. The mapping pmn is ﬁnite-to-one.
Proof. Let x = (x1, . . . , xn) ∈ Xn . The set O X (x;1/m) is a neighborhood of 0 in Cp(X), so Φ(O X (x;1/m)) is a neighborhood
of 0 in Cp(Y ). Hence, there are y1, . . . , yk ∈ Y and ε > 0 such that
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Let y0 ∈ Y \ {y1, . . . , yk}. Then there is a g ∈ Cp(Y ) such that g(y1) = · · · = g(yk) = 0 and g(y0) = 2. Then g ∈
OY (y1, . . . , yk;ε), so g ∈ Φ(Ox(x;1/m)). Let f ∈ Cp(X) be such that g = Φ( f ), we have f ∈ O X (x;1/m) and |Φ( f )(y0)| > 1,
so (x, y0) /∈ Zmn . 
Thus, Zmn admits a ﬁnite-to-one perfect mapping onto a closed subspace of Xn .
Let πβY : (βX)n × βY → βY be the projection; put Amn = πβY (Zmn). Then Amn is contained in Y , because Zmn ⊂ Xn ×
Y . Since for every y ∈ Y , O¯ Y (y;1) is a neighborhood of 0 in Cp(Y ), by the continuity of Φ , Y = ⋃{Amn: m,n ∈ N+}.
Furthermore, Amn ⊂ Am1n1 whenever n1  n and m1 m.
Let Smn be the closure of Zmn in (βX)n × βY .
1.4. Lemma. If (x1, . . . , xn, y) ∈ Smn, then Φ(O X (x1, . . . , xn;1/m)) ⊂ O¯ Y (y;1).
Proof. Otherwise there is f0 ∈ Cp(X) such that | f˜ 0(x1)| < 1/m, . . . , | f˜ 0(xn)| < 1/m, and |Φ˜( f0)(y)| > 1. The set
{
(ξ1, . . . , ξn, η):
∣∣ f˜ 0(ξ1)






is a neighborhood of (x1, . . . , xn, y) in (βX)n × βY , so it must have a nonempty intersection with Zmn . This contradicts the
deﬁnition of Zmn . 
1.5. Lemma. If (x1, . . . , xn, y) ∈ Smn, x1, . . . , xk ∈ X, xk+1, . . . , xn ∈ βX \ X, and y ∈ Y , then y ∈ Amk. In particular, y ∈ Amn.
Proof. O X (x1, . . . , xn;1/m) is dense in O X (x1, . . . , xk;1/m), and by Lemma 1.4, Φ(O X (x1, . . . , xn;1/m)) ⊂ O¯ Y (y;1). By the
continuity of Φ , we get
Φ
(
O X (x1, . . . , xk;1/m)
)⊂ Φ(O X (x1, . . . , xn;1/m)
)⊂ O¯ Y (y;1),
because O¯ Y (y;1) is closed in Cp(Y ). Thus, (x1, . . . , xk, y) ∈ Zmk , and y ∈ Amk . 
Since the sets Smn are invariant with respect to the permutations of the points x1, . . . , xn , we obtain, in particular, the
following.
1.6. Lemma. If (x, y) ∈ Smn, x ∈ (βX)n \ Xn, and y ∈ Y , then y ∈ Amn−1 .
1.7. Corollary. The sets Amn are closed in Y .
Proof. From Lemma 1.5 it follows that Amn = Y ∩πβY (Smn), and Smn is compact. 
For every m ∈ N+ put Ym1 = Am1, and for every n > 1, Ymn = Amn \ Amn−1. Since the sets Amn are closed, the sets Ymn
are locally closed in Y , and Y =⋃{Ymn: m,n ∈ N+}, because Y =⋃{Amn: m,n ∈ N+}.
Put Bmn = Smn ∩π−1βY (Ymn). Let us verify that Bmn is contained in Zmn .
Indeed, if y ∈ Y and (x, y) is in Smn \ Zmn , then some coordinate of the point x belongs to βX \ X , and by Lemma 1.6,
then y ∈ Amn−1, so y /∈ Ymn , and (x, y) /∈ Bmn .
Let r be the restriction of πβY to Smn . Since Smn is compact, r is perfect. It follows that the restriction of r to the full
preimage Bmn = r−1(Ymn) is perfect, so Ymn is an image under a perfect mapping of Bmn . Furthermore, since Ymn is locally
closed in Y , the set Bmn is locally closed in Smn , and hence also in Zmn .
The proof of Theorem 1.1 is complete.
Since ﬁnite products of (ﬁnite-to-one) perfect mappings are (ﬁnite-to-one) perfect, we readily get the following version
of Theorem 1.1.
1.8. Theorem. Let X and Y be t-equivalent spaces and k ∈ N+ . Then there are spaces Zn, locally closed subspaces Bn of Zn, and locally
closed subspaces Yn of Y k, n ∈ N+ , such that each Zn admits a perfect ﬁnite-to-one mapping onto a closed subspace of Xn, Yn is an
image under a perfect mapping of Bn, and Y k =⋃{Yn: n ∈ N+}.
As the Referee pointed out, the proof of Theorem 1.1 only uses the existence of a continuous open mapping from Cp(X)
onto Cp(Y ), so the requirement of t-equivalence in Theorems 1.1 and 1.8 can be relaxed to the existence of such a mapping.
The conclusion of Theorem 1.1 also holds, with a few obvious changes in the proof, in the case of the existence of
a homeomorphism between the spaces Cbp(X) and C
b
p(Y ) of bounded continuous real functions, and in the case of the
existence of a homeomorphism between the spaces Cp(X, I) and Cp(Y , I) where I is a closed interval in R.
The conclusion of Theorem 1.1 is somewhat asymmetric, so the next question naturally arises.
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locally closed subspaces Yn of Y , n ∈ N+ , such that each Zn admits a perfect ﬁnite-to-one mapping onto a closed subspace
of Xn , Yn is an image under a perfect ﬁnite-to-one mapping of Bn , and Y =⋃{Yn: n ∈ N+}?
2. Some topological properties preserved by the relation of t-equivalence
Immediately from 1.1, we obtain
2.1. Theorem. Let P be a topological property invariant with respect to perfect images, preimages under ﬁnite-to-one perfect map-
pings, open and closed subspaces, ﬁnite powers and countable unions of locally closed sets. Then P is preserved by the relation of
t-equivalence.
Following [7], let us deﬁne classes of topological spaces Aα and Mα for α ∈ ω1 by deﬁning A0 = M0 as the class of
all spaces that are ﬁnite unions of locally compact spaces (equivalently, spaces that are ﬁnite unions of locally closed sets in
every embracing space), and for α > 0, deﬁning Aα as the class of all countable unions of spaces in
⋃{Mβ : β < α}, and
Mα as the class of all countable intersections of spaces in
⋃{Aβ : β < α}. Thus, the class A1 consists of all spaces that are
countable unions of locally compact subspaces. As noted in [7], if X is a metrizable space, then X is in one of the classes
Aα or Mα if and only if X is an absolute Borel space of the corresponding class in the usual sense.
It is obvious that Aα ⊂ Mβ ⊂ Aγ whenever α < β < γ . Since the class A0 is closed with respect to ﬁnite products,
ﬁnite unions and ﬁnite intersections, an obvious inductive argument shows that the classes Aα and Mα are closed with
respect to ﬁnite products, ﬁnite unions and ﬁnite intersections. In particular, these classes are closed with respect to locally
closed subspaces, because every locally closed subspace of a space X coincides with the intersection with X of a locally
compact subspace of βX . Since the class A0 is also closed with respect to differences, it easy to verify that for every Z ∈ A0
and a subspace X of Z , X ∈ Aα if and only if Z \ X ∈ Mα .
It is proved in [7] (Corollary 15) that the classes Aα and Mα with 1 α < ω1 are closed with respect to images and
preimages under perfect mappings. Obviously, the classes Aα with α  1 are closed with respect to countable unions. By
Theorem 2.1, we obtain the following statement.
2.2. Theorem. Let X and Y be t-equivalent spaces and 1 α < ω1 . If X is in the class Aα , then Y is in the class Aα .
To obtain a similar result for the classes Mα , we need the following lemma, which is a straightforward modiﬁcation of
Proposition 3.3 in [11].
2.3. Proposition. Let 2 α ∈ ω1 , and let X be a space such that X =⋃{Xn: n ∈ ω} where each Xn, n ∈ ω, is a locally closed subspace
of X and Xn ∈ Mα . Then X ∈ Mα .
Proof. For each n ∈ ω let Yn be a locally closed set in βX such that Xn = Yn ∩ X , and put Y = ⋃{Yn: n ∈ ω}. Then each
Yn is locally compact, whence Yn ∈ A0, Y ∈ A1 ⊂ Mα , Yn \ X = Yn \ Xn ∈ Aα , and Y \ X = ⋃{Yn \ X: n ∈ ω} ∈ Aα . Hence,
X = Y \ (Y \ X) = (βX \ (Y \ X)) ∩ Y ∈ Mα . 
Using Theorem 2.1, we arrive at the next statement.
2.4. Theorem. Let X and Y be t-equivalent spaces and 2 α < ω1 . If X is in the class Mα , then Y is in the class Mα .
For metrizable spaces, Theorem 2.2 and, for α  3, Theorem 2.4 were proved in [9,10]. Theorem 2.4 for metric spaces
gives a positive answer to Question 2.21 in [9].
The classes A0 = M0 and M1 are not preserved by t-equivalence. This follows from the fact that the convergent
sequence and the space of the rationals are t-equivalent [4].
A space X is called Cˇech-analytic (R. Fremlin) if X can be obtained by applying the Souslin operation to a family of
locally closed set in some compactiﬁcation of X . A space X is bi-Cˇech-analytic [6] if both X and βX \ X are Cˇech-analytic. It
is shown in [6] that a space X is bi-Cˇech-analytic if and only if it is Cˇech-analytic and its complement in some (and then
any) compactiﬁcation is Cˇech-analytic.
The class of all Cˇech-analytic spaces and the class of all bi-Cˇech-analytic spaces contain A0 and are closed with respect
to countable unions and intersections [6]. In particular, both classes are closed with respect to locally closed subspaces.
A standard veriﬁcation shows that this class is also closed with respect to ﬁnite products. It is proved in [6] that the
classes of Cˇech-analytic spaces and of bi-Cˇech-analytic spaces are invariant wit respect to images under perfect mappings.
A standard argument (using the fact that a perfect preimage of a space X is homeomorphic to a closed subspace of the
product of X with a compact space) shows that both classes are also closed with respect to preimages under perfect
mappings. Thus, we may apply Theorem 2.1 to arrive at the next two statements.
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2.6. Theorem. If X and Y are t-equivalent, and X is bi-Cˇech-analytic, then Y is bi-Cˇech-analytic.
We say that a space X is σ -discrete if it is the union of a countable family of its discrete subspaces, and is Fσ -discrete
if it is the union of a countable family of its closed discrete subspaces. Clearly, σ -discreteness and Fσ -discreteness are
invariant with respect to subspaces, ﬁnite products, and preimages under ﬁnite-to-one perfect mappings. The property of
being a σ -discrete space is also preserved by countable unions, and Fσ -discreteness by images under perfect mappings.
From Theorem 1.1 now follows the next statement.
2.7. Theorem. If X and Y are t-equivalent spaces, and X is Fσ -discrete, then Y is σ -discrete.
A space X is perfect if every open set in X is an Fσ -set. Obviously, in a perfect space every locally closed set is an Fσ -set.
Every metrizable space is perfect, and a σ -discrete space is perfect if and only if it is Fσ -discrete.
2.8. Corollary. Let X and Y be t-equivalent spaces such that X is Fσ -discrete. Then Y is Fσ -discrete if and only if it is perfect.
The author does not know the answers to the following questions.
2.9. Question. Let X and Y be t-equivalent spaces. If X is σ -discrete, must Y be σ -discrete?
2.10. Question. Let X and Y be t-equivalent spaces. If X is Fσ -discrete, must Y be Fσ -discrete?
2.11. Question (A.V. Arhangel’skii). Let X and Y be t-equivalent spaces. If X is perfect, must Y be perfect?
2.12. Question. Let X be a σ -discrete space and f : X → Y a perfect mapping. Must the space Y be σ -discrete?
A positive answer to Question 2.12 would give a positive answer to Question 2.9 by a direct application of Theorem 1.1.
In fact, a positive answer to the following question would suﬃce.
Question. Let X be a σ -discrete compact space, and Y be a continuous image of X . Must Y be σ -discrete?
Indeed, if X is σ -discrete and Y is t-equivalent to Y , then by Theorem 2.2 (with α = 1), Y is a countable union of
locally compact subspaces. Applying Theorem 1.1 we arrive at the conclusion that Y is a countable union of locally compact
subspaces that are images under perfect mappings of σ -discrete spaces. It remains to observe that the Alexandroff com-
pactiﬁcations of a σ -discrete locally compact space is σ -discrete, and that a perfect mapping between two locally compact
spaces extends to a continuous mapping between their Alexandroff compactiﬁcations.
For every subspace Z of a space X , we have t∗(Z) t∗(X), and, obviously, t∗(Xn) t∗(X) for every n ∈ ω. From Propo-
sition 4.5 in [1] and the fact that a ﬁnite product of perfect ﬁnite-to-one perfect mappings is perfect, it follows that if Z
is a preimage of a space X under a ﬁnite-to-one perfect mapping, then t∗(Z) t∗(X). Since the tightness of a space is not
raised by quotient mappings [3], we have t∗(Z) t∗(X) for every image Z under a perfect mapping of a space X .
The next statement now follows from Theorem 1.8.
2.13. Theorem. Let X and Y be t-equivalent spaces. Then every ﬁnite power of Y is the union of its locally closed subspaces Yn, n ∈ ω,
such that t∗(Yn) t∗(X) for each n ∈ ω.
2.14. Question. Let X and Y be t-equivalent spaces and κ be an inﬁnite cardinal. Assume that X is a countable union of
its subspaces Xn , n ∈ ω such that t∗(Xn) κ for all n ∈ ω. Must Y be a countable union of subspaces Yn , n ∈ ω such that
t∗(Yn) κ for all n ∈ ω?
2.15. Lemma. If p : X → Y is a perfect ﬁnite-to-one mapping, and Y is sequential, then X is sequential.
Proof. Let us ﬁrst verify that the image of every sequentially closed set in X is sequentially closed in Y . Let A be a
sequentially closed set in X . Suppose there is a sequence {yn: n ∈ ω} in p(A) converging to some point b ∈ Y . Then the
set S = {b} ∪ {yn: n ∈ ω} is a compact countable subspace of Y , so its preimage C = p−1(S) is a compact countable, hence
metrizable, subspace of X . Put C0 = C ∩ A. We have S \ {b} ⊂ p(C0), and since A is sequentially closed, C0 is closed in X
and hence compact. By the compactness of p(C0), b ∈ p(C0), so b ∈ p(A).
Now we prove that every sequentially closed set A in X is closed. Let a be a point in the closure of A. Since the set
p−1(p(a)) is ﬁnite, we can ﬁnd a closed neighborhood V of a in X so that V ∩ p−1(p(a)) = {a}. Then a is in the closure of
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p(A ∩ V ) is closed in Y . In particular, p(a) ∈ p(A ∩ V ), so {a} = p−1(a) ∩ V ∩ A ⊂ A, and a ∈ A. 
2.16. Theorem. Let X and Y be t-equivalent spaces such that all ﬁnite powers of X are sequential. Then every ﬁnite power of Y is a
union of countably many locally closed sequential subspaces.
Proof. Sequentiality is preserved in open and in closed subspaces and in images under quotient mappings; since a ﬁnite
product of perfect mappings is perfect, hence quotient, a perfect image of a space whose all ﬁnite powers are sequential
also has all ﬁnite powers sequential. By the previous lemma, sequentiality is also preserved in preimages under perfect
ﬁnite-to-one mappings. Applying Theorem 1.8, we obtain the statement of the theorem. 
Similarly, the Fréchet property is hereditary and is invariant with respect to images under closed mappings.
2.17. Lemma. If p : X → Y is a perfect ﬁnite-to-one mapping, and Y is Fréchet, then X is Fréchet.
Proof. Let a be a point in the closure of a set A in X . Since the set p−1(p(a)) is ﬁnite, we can ﬁnd a closed neighborhood V
of a in X so that V ∩ p−1(p(a)) = {a}. Then a is in the closure of A ∩ V . The point b = p(a) is in the closure of p(A ∩ V ), so
there is a sequence {yn: n ∈ ω} in p(A ∩ V ) convergent to b. The set S = {b} ∪ {yn: n ∈ ω} is a compact countable subspace
of Y , so its preimage C = p−1(S) is a compact countable, hence metrizable, subspace of X . The point a is in the closure of
C ∩ A ∩ V , because p(a) is in the closure of p(C ∩ A ∩ V ), the mapping p is closed, and no point of p−1(p(a)) distinct from
a is in the closure of V . By the metrizability of C ∩ V ∩ A, there is a convergent sequence in C ∩ V , hence in A, convergent
to a. 
Applying Theorem 1.8, we obtain the following statement.
2.18. Theorem. If X and Y are t-equivalent spaces, and all ﬁnite powers of X are Fréchet, then every ﬁnite power of Y is a countable
union of Fréchet subspaces.
The Fréchet property, sequentiality, and the countability of tightness are not preserved by the relation of t-equivalence,
see [12,15].
Another application of Theorem 1.8 gives the following.
2.19. Theorem. Let X and Y be t-equivalent spaces. If all ﬁnite powers of X are hereditarily paracompact, then every ﬁnite power of
Y is a countable union of its locally closed paracompact subspaces.
Note that there exist t-equivalent spaces X and Y such that all ﬁnite powers of X are paracompact and Y is not col-
lectionwise Hausdorff [16]. Hereditary paracompactness is also not preserved by t-equivalence [12]. As far as the author
knows, the questions whether a space t-equivalent to a metric space can be non-paracompact, or even non-normal, is open.
Summing up the previous results, we obtain in particular, the next statement.
2.20. Corollary. Let X and Y be t-equivalent spaces. If X is metrizable, then every ﬁnite power of Y is a countable union of paracompact
Fréchet subspaces.
Two spaces X and Y are t2-equivalent (a concept due to A.V. Arhangel’skii) if the spaces Cp(Cp(X)) and Cp(Cp(Y )) are
homeomorphic (that is, if Cp(X) and Cp(Y ) are t-equivalent).
2.21. Theorem. Let X and Y be t2-equivalent spaces. Then l∗(X) = l∗(Y ).
Proof. Let X and Y be t2-equivalent spaces, and let κ = l∗(X). By the Arhangel’skii–Pytkeev Theorem (Theorem II.1.1 in [2]),
t(Cp(X)) = t∗(Cp(X)) = κ . By Theorem 2.13, Cp(Y ) is a countable union of subspaces of tightness at most κ . V. Tkachuk
proved in [17] that this implies t(Cp(Y )) κ . Applying again the Arhangel’skii–Pytkeev Theorem, we arrive at the inequality
l∗(Y ) l∗(X). The inverse inequality is veriﬁed by a symmetric argument. 
I would like to thank the Referee of this article for many useful remarks, in particular, for pointing out how to obtain
Theorems 2.2 and 2.4.
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